Physical Theory Hysteretic Model for Steel Braces
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Abstract: This paper presents a simple yet efficient physical theory model that can be used to simulate the inelastic cyclic axial
force–axial deformation and axial force–transverse deformation relationships of steel braces. The model consists of a brace idealized as
a pin ended member with a plastic hinge located at its midlength. Input parameters of the model are based only on the properties of the
brace. The model combines analytical formulations based on the nonlinear behavior of the brace with some semiempirical normalized
formulas developed on the basis of a study of available experimental data. The model realistically accounts for growth effect and
degradation of buckling capacity due to Baushinger effects and residual kink present within the brace and it is broadly applicable to steel
braces with various section types and slenderness ratios. It is observed that the analytically obtained axial force versus axial displacement
as well as axial force versus transverse displacement hysteresis loops compare reasonably well with the experimental ones.
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Introduction
The most common form of seismic resistant construction of steel
structures is based on ductile design, where the seismic energy
during an earthquake is dissipated due to inelastic deformation of
certain structural members. In the case of braced frames, the seismic energy is mainly dissipated within the braces. Thus, the overall performance of a braced steel frame depends largely on the
hysteretic behavior of the braces. The hysteretic behavior of steel
braces involves complex physical phenomena such as yielding in
tension, progressive lengthening of the brace called growth effect,
inelastic buckling in compression, as well as deterioration of the
buckling capacity due to Bauschinger effect, and the residual kink
that may be present within the brace. It is important to have an
accurate analytical model of this complex hysteretic behavior to
correctly predict the seismic response of steel braced frames particularly for performance-based design purposes.
Many experimental and analytical studies have been conducted on the hysteretic behavior of steel braces. The experimental studies of Sherman and Erzurumlu 共1976兲, Wakabayashi et al.
共1977兲, Jain et al. 共1978兲, Zayas et al. 共1980兲, Black et al. 共1980兲,
Astaneh-Asl and Goel 共1984兲, Boutros 共1999兲, Elchalakani et al.
共2003兲, Shaback and Brown 共2003兲, and Goggins et al. 共2006兲
provided useful information on the effect of several properties of
the braces on their cyclic inelastic response. In general, it was
found that the slenderness ratio, end constraints, section shape,
and the width-to-thickness ratios of the steel plates constituting
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the brace section are important parameters affecting the hysteretic
behavior of the braces. Particularly, the experimental studies of
Black et al. 共1980兲 provided a wide range of data, which have
been used by many researchers to develop analytical models to
simulate the hysteretic behavior of braces under severe cyclic
load reversals. The developed analytical models can be categorized in three groups: Finite element, phenomenological, and
physical theory 共Ikeda and Mahin 1984兲. Finite element models
subdivide the brace longitudinally into a number of elements
where the geometry and material properties of each element are
defined. Models of this type have been used by Fujimoto et al.
共1972兲, Kayvani and Barzegar 共1996兲, and Mamaghani 共2005兲.
Such models provide a realistic representation of the brace cyclic
axial force–deformation behavior. However, they are computationally quite expensive. Further, although computational techniques and computers are under constant development, defining
each brace in a building using many finite elements is still quite
cumbersome. In contrast, phenomenological models, which are
based on simplified hysteretic rules that mimic the experimental
cyclic axial force–deformation relationship of braces, are computationally more efficient than finite element models. Nonetheless,
they usually involve numerous empirical coefficients that can be
applied only to specific braces for which test data are available.
Therefore, their range of application is limited. Models of this
type have been developed byHigginbotham and Hanson 共1976兲,
Singh 共1977兲, Jain and Goel 共1978兲, and Maison and Popov
共1980兲. On the other hand, physical theory models combine the
advantages of both finite element and phenomenological models.
That is, although they are relatively more universally applicable
and accurate than phenomenological models, they are also computationally more efficient than finite element models. Therefore,
these models are more suitable for the analytical formulation of
axial force–deformation hysteretic behavior of steel braces.
Physical theory models are formulated based on the physical considerations that influence the cyclic inelastic brace behavior using
a simple structural system generally made of two elastic beam
members and a plastic hinge. Models of this type have been developed by Nonaka 共1973a,b, 1977兲, Zayas et al. 共1981兲, Gugerli
and Goel 共1982兲, Ikeda and Mahin 共1984兲, Soroushian and Alawa
共1990兲, Remennikov and Walpole 共1997兲, Boutros 共1999兲, and Jin
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Fig. 1. 共a兲 Deformation of brace under axial load; 共b兲 typical brace axial force–deformation hysteresis and growth and Bauschinger effects; 共c兲
hystereric zones; 共d兲 demonstration of growth effect; and 共e兲 Bauschinger effect versus tangent modulus 共Black et al. 1980, with permission兲

and El-Tawil 共2003兲. However, most of the existing physical
theory models are either limited by several specific empirical coefficients available only for certain brace types for the simulation
of the growth and Bauschinger effects or fail to accurately simulate such effects for various brace types. In addition, most of the
existing physical theory models are not capable of simulating the
axial force versus transverse deformation hysteretic relationship
defining the complete physical behavior of the brace. Moreover,
some of the better physical theory models either involve complicated analytical functions or are very difficult to use in practice as
they involve numerous implicit parameters that require extra
computations to correctly define the cyclic inelastic behavior of a
particular brace. Therefore, a simple physical theory model that
addresses all the limitations stated previously is required.
Accordingly, this study presents a simple, yet efficient and
relatively more broadly applicable physical theory model that can
be used to simulate the complex inelastic cyclic axial force–axial
displacement and axial force–transverse displacement relationship
of steel braces. Different than many existing physical theory models, the development of the model presented in this study is based
on unit dummy load method 共Popov 1999兲 and a realistic representation of the deformed geometry of the brace incorporating
second-order effects as well as the moment axial force interaction
relationship of the brace cross section. Further, the analytical
equations of the proposed model are simple, explicit functions of
the geometric, structural, and material properties of the brace. The
growth and Baushinger effects are incorporated in the model
using some dimensionless semiempirical terms, which are functions of all the brace properties. Therefore, in the proposed model,
the growth and Bauschinger effects are automatically adjusted as
functions of the brace properties. This makes the proposed model
relatively easier to use and more broadly applicable to braces with
different properties. Although the model is developed for braces
with pin ended connections, it may be used for braces with other
1216 / JOURNAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2008

end conditions using the effective length concept. Local buckling
and low cycle fatigue effects are kept beyond the scope of this
study.

Hysteretic Behavior of Steel Braces
General Aspects of Brace Hysteretic Behavior
The behavior of steel braces is commonly expressed in terms of
an axial load, P, an axial displacement, ␦, and a transverse displacement, ⌬, at the vertex of the deformed brace 共at the
midlength of the pin ended brace兲 as shown in Fig. 1共a兲. A typical
hysteresis loop of a steel brace is shown in Fig. 1共b兲. To study the
inelastic cyclic behavior of steel braces, the axial force–
deformation hysteresis can be broken into six main zones as
shown in Fig. 1共c兲. The definition of these zones is closely related
to the physical interpretation of the behavior.
In Zone 1, the brace is compressed in the linearly elastic range
along Segment O–A. Due to the initial imperfections within the
brace, second-order moments are generated under the applied
axial load and the brace deflects transversely as demonstrated in
Fig. 1共a兲. At a critical value of transverse displacement of the
brace, the second-order moment 共P ⫻ ⌬兲 at the vertex of the deformed brace will be equal to its plastic moment capacity. At this
point, the buckling load 共Point A兲 is reached. Zone 2 is dominated
by the inelastic bending of the brace due to the P ⫻ ⌬ moment
induced by the compressive axial load, P. Additional increases in
the axial displacement results in larger transverse displacement,
⌬, and a larger second-order moment at the midlength of the
brace. This results in a drop in the axial force resistance of the
brace along Segment A–B due to the moment–axial force interaction effects. This zone is characterized by very large lateral
deflections at the midlength of the brace and by a plastic hinge in

the center region of the brace formed at buckling. Zone 3 corresponds to elastic unloading and tension loading of the brace. The
slope of this zone is much smaller than that of Zone 1 due to the
large permanent lateral deflection at the midlength of the brace,
which results in a kinked, rather than a straight, member. Hence,
the second-order effects dominate the elastic behavior within
Zone 3. At Point D, the product of the axial tensile load and the
transverse displacement again equals the plastic moment capacity
of the brace. This is the starting point of Zone 4. At this point, a
plastic hinge at the midlength of the brace is produced for the
second time. However, within Zone 4 共D–E兲, the plastic hinge
rotations act in the reverse direction of that of Zone 2 共A–B兲 and
reduce the magnitude of the transverse deflection until the yield
point, E, in tension is reached. At Point E, the brace is fully
straightened and the axial load, P, is equal to the yield axial load,
Py. If the tensile force were removed at this point, the brace
would remain essentially straight and be slightly longer than its
original length due to a phenomenon called growth effect. The
internal bending moment is essentially zero when Point E is
reached, and any elongation beyond this point within Zone 5a
共E–F兲 is a purely plastic uniaxial elongation. If the unloading
occurs before Point E is reached, then the plastic uniaxial elongation region does not exist. Point F in Fig. 1共c兲 is a load reversal
initiation point. Thus, Zone 5 consists of elastic unloading 共F–G兲,
where the brace elongation decreases linearly with decreasing
tensile load. Within the region beyond Point G, which is described as Zone 6, the brace is compressed by axial force and
buckled again at Point H. However, this bucking load is smaller
than that of Point A due to Bauschinger effects and the residual
kink remaining within the brace if unloading occurs before the
axial yield capacity of the brace is reached at Point E. Zone 1a is
present only if the initial loading cycle of the brace starts in
tension. In Zone 1a, the brace is subjected to tensile loading in the
linearly elastic range along segment O – A⬘ until the yield capacity of the brace is reached.
Growth Effect
Starting from the end of Zone 2 as shown in Fig. 1共c兲, the brace
is subjected to elastic unloading and tension loading. During this
process, the brace elongates gradually and straightens. Even
though the brace, for several cycles, is subjected to the same
magnitude of maximum tensile force, which may be less than the
yield force, the axial displacement continues to increase. This
causes a progressive lengthening of the brace called growth effect
as shown in Fig. 1共b兲. Brace growth phenomenon is demonstrated
in detail in Fig. 1共d兲. It influences the behavior of the brace within
Zones 3 and 4 in the form of degradation of the brace axial
stiffness. As observed from Fig. 1共d兲, for the first cycle, although
the axial behavior of the brace excluding the transverse deformation effects is totally elastic, there is an apparent translation from
Point E⬘, which is the axial displacement of the brace excluding
the effect of brace growth, to Point E. For the second cycle, the
brace growth corresponds to the distance from Point F to Point K
only. Note that the distance between Points E and F is not considered as a growth effect. However, in this case, the plastic axial
deformation between Points E and F cannot be fully recovered as
upon unloading from Point F, the buckling of the brace takes
place at Point G at an axial load level much smaller than the yield
axial load level. This phenomenon, although not considered as
growth effect, contributes to the permanent elongation of the

brace length and can directly be considered in the formulation of
the axial force–deformation hysteretic relationship of the brace as
an unrecovered plastic deformation.
Baushinger Effect
The Baushinger effect is a natural property of steel that results in
softening of the material stiffness 共modulus of elasticity兲 proportional to the number of cyclic inelastic loading. To study the
behavior of steel braces in relation to the Baushinger effect, Black
et al. 共1980兲 conducted cyclic axial force–deformation tests of a
steel coupon taken from a wide flange steel brace made of ASTM
A36 steel. The cyclic test results are shown in Fig. 1共e兲. As observed from Fig. 1共e兲, the Baushinger effect occurs following an
initial cycle of yielding at negative and positive loading ranges
before the next yielding is initiated. It is a function of the cyclic
loading history. That is, the softening of the modulus of elasticity
increases with increasing number of load reversals. For a typical
brace, it is clearly observed from Figs. 1共b and e兲 that hysteresis
Zones 3–4 and particularly Zone 6 are affected by the Baushinger
effect. The Baushinger effect results in softening of the slope of
Zone 3–4 and smaller buckling load capacities within Zone 6 at
loading cycles following the initial one due to the progressive
softening of the modulus of elasticity proportional to the number
of loading cycles.

Proposed Physical Theory Model
In this section, a physical theory model is developed to enable the
formulation of the cyclic inelastic behavior of steel braces within
each hysteresis zone described earlier. The model is displayed in
Fig. 2共a兲. It is composed of a straight elastic member with two
transverse rigid bars of length, e, introduced at the member ends
to create an initial axial load eccentricity that will produce buckling. A zero-length plastic hinge with elastic-perfectly plastic mechanical properties and with moment–axial force interaction
capability is placed at the midlength of the member to simulate
the post-buckling behavior of the brace. The zero length plastic
hinge and elastic-perfectly plastic material behavior is intentionally chosen to obtain simple expressions defining the hysteretic
behavior of the brace and to achieve computational efficiency in
application to large scale problems. The initial eccentricity, e, is
chosen such that when the axial load reaches the buckling load,
Pb, of the brace, the reduced plastic moment capacity, M pr, under
the effect of the buckling load is also reached at the vertex of the
deformed brace as shown in the plastic moment–axial force interaction diagram of Fig. 2共b兲. Beyond this point, the axial load
capacity of the member constantly decreases due to the combined
effects of increasing second-order moments and moment–axial
force interaction as the member folds. For the model to work as
intended, e must be known. The derivation of e is outlined in the
next section. In the derivation of the analytical equations throughout this study, compressive loads 共e.g., buckling load兲 and axial
shortenings are assumed to be negative.
Derivation of the Initial Eccentricity „e… for the Model
For the derivation of e, it is assumed that the deformed shape of
the brace shown in Fig. 2共a兲 prior to buckling can be approximated by a sinusoidal function of the form given in Eq. 共1兲. From
Fig. 2共a兲, the transverse displacement, ⌬共x兲, at a location, x, from
the left end of the brace can be expressed in the following form:
JOURNAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2008 / 1217

Fig. 2. 共a兲 Deformed shape of the brace in Zone 1; 共b兲 typical plastic moment–axial force interaction relationship for a brace; 共c兲 application of
unit dummy load; 共d兲 free body diagram of the deformed brace under axial load to the left of the section taken at x; 共e兲 free body diagram of the
brace under unit dummy load to the left of the section taken at x; 共f兲 deformed shape of the brace in Zone 3; 共g兲 deformed shape of braces after
the completion of testing 共Black et al. 1980, with permission兲; 共h兲 deformed shape and plastic and elastic deformation components of the brace
in Zone 5; 共i兲 deformed shape of the brace in Zone 6; and 共j兲 kinematical relationship between the axial and transverse deformation of the brace

⌬共x兲 = ⌬b sin

冉 冊

x
L

共1兲

where ⌬b⫽transverse displacement at the vertex of the deformed
brace at buckling. ⌬b, can be calculated using the unit dummy
load method as follows 共Popov 1999兲:
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⌬b = 2

冕

L/2

0

Mm
dx
EI

共2兲

where E and I⫽the modulus of elasticity and moment of inertia
about the buckling axis of the brace, respectively; M⫽secondorder moment at buckling; and m⫽moment due to the unit

dummy load applied at the location and in the direction of the
displacement to be calculated as shown in Fig. 2共c兲. From the free
body diagrams in Figs. 2共d and e兲, M and m are expressed as

冋

M = − Pb e + ⌬b sin

m=

冉 冊册

x
L

x
2

共3兲

共4兲

Substituting the values of M and m from Eqs. 共3兲 and 共4兲 into
Eq. 共2兲, integrating and rearranging the ensuing equation, ⌬b, is
obtained as
⌬b = −

L2 Pb
e
P bL 2
8EI 1 + 2
 EI

冉

冊

共5兲

− Pb共e + ⌬b兲 = M pr

共6兲

Substituting Eq. 共5兲 into Eq. 共6兲 and solving for e, the following
expression is obtained:
M pr
L2 Pb
Pb 1 −
L2 Pb
8EI 1 + 2
 EI

冢

冉

Axial Force versus Transverse Displacement
of the Brace
In this section, analytical equations are derived to define the relationship between the axial force and the transverse displacement, ⌬, at the vertex of the deformed brace for each one of the
hysteresis zones defined earlier.
Formulation of the ⌬–P Relationship for Zone 1

When the axial load is equal to the buckling load, the secondorder moment at the vertex of the deformed brace element is
equal to the reduced plastic moment, M pr, of the brace. Accordingly, from Fig. 2共a兲 the following expression is formulated:

e=−

the total axial displacement of the brace as a function of the
applied axial load is formulated for each one of the hysteresis
zones. At the end, the analytically obtained hysteresis loops are
verified with the experimental results of Black et al. 共1980兲 and
Goggins et al. 共2006兲.

冊冣

共7兲

Note that in the previous equations, Pb needs to be taken as negative as it is an axial compressive load. This will yield a positive
value for ⌬b and e. Further, the calculated e’s for braces taken
from the tests of Black et al. 共1980兲 are found to be very small,
ranging between 0.7 and 12 mm. Thus, the effect of e on the
analytical formulations of the brace hysteretic behavior other than
the simulation of buckling behavior is negligible.

Outline of the Analytical Formulations of Hysteresis
Zones
Using the model described earlier, the brace axial force versus
transverse displacement at the vertex of the deformed brace and
axial force versus axial displacement relationships are formulated
for each one of the hysteresis zones defined earlier. The formulations of the hysteretic behavior of the brace employ: 共1兲 a large
displacement analysis procedure based on an assumed deformed
geometry of the brace to incorporate the second-order effects; 共2兲
plastic moment versus axial force interaction relationship for the
brace cross section combined with the estimated second order
effects to simulate the buckling and postbuckling behaviors of the
brace; 共3兲 the kinematical relationship between the axial and
transverse deformations of the brace; 共4兲 elastic axial force versus
displacement relationship of the brace; and 共5兲 available experimental data to obtain dimensionless semiempirical relationships
for the simulation of growth and Bauschinger effects.
In the following sections analytical equations are derived to
describe the axial force versus transverse displacement relationships of the brace for each one of the hysteresis zones defined
earlier. Following this, the kinematical relationship between the
transverse and axial deformations of the brace is developed. Then,

Zone 1 关Segment O–A, in Fig. 1共c兲兴 is associated with the initial
compressive loading of a brace, which approaches the buckling
load at point A. For this elastic range, the deformed shape of the
brace is assumed to be sinusoidal of the form given in Eq. 共1兲 and
described in Fig. 2共a兲. Accordingly, the transverse displacement,
⌬, of the brace as a function of the applied axial load, P, can be
determined following a procedure similar to that used for the
calculation of e. Thus, substituting P in place of Pb in Eq. 共5兲, the
transverse displacement, ⌬, of the brace for any applied axial load
level can be obtained as follows:
⌬=−

L2 P
e
PL2
8EI 1 + 2
 EI

冉

冊

共8兲

Formulation of the ⌬ – P Relationship for Zone 2
Zone 2 关Segment A–B, in Fig. 1共c兲兴 is dominated by the inelastic
bending of the brace due to the rotation of the plastic hinge
formed at the vertex of the deformed brace at buckling. To satisfy
static moment equilibrium, the second-order moment generated
by the compressive axial load, P, must be equal to the reduced
plastic moment capacity, M pr, at the vertex of the deformed brace
关Fig. 2共a兲兴 regardless of the deformed shape of the brace. Thus,
− P共⌬ + e兲 = M pr

共9兲

From Eq. 共9兲, ⌬ is obtained as follows:
⌬=−

M pr
−e
P

共10兲

Note that in Eq. 共10兲, the plastic moment versus axial force interaction relationship for the brace cross section must be substituted
in place of M pr. For instance for a steel brace made of a pipe
section, M pr is expressed as

M pr = M p cos

冋 冉 冊册
 兩P兩
2 Py

共11兲

where M p⫽plastic moment capacity of the section at P = 0. M pr
versus P relationships for various brace sections are developed as
part of this study but are not presented due to space limitations.
However, similar relationships are available in Bruneau et al.
共1998兲.
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Formulation of the ⌬ – P Relationship for Zone 3

共⌬ + e兲P = M pr

Zone 3 is associated with the elastic unloading of the brace. The
deformed shape of the brace within this unloading stage is approximated by two straight lines as demonstrated by the solid line
sketch in Fig. 2共f兲. Actually, tests conducted by Black et al.
共1980兲 confirm that braces generally deform in the form of two
nearly straight line segments beyond buckling as illustrated in
Fig. 2共g兲. This is mainly due to the severe plastic rotations at the
vertex of the deformed brace element throughout Zone 2 generating very large transverse plastic displacements compared to
those due to the elastic deformations of the brace. The sketch with
the thick dashed line in Fig. 2共f兲 represents the deformed shape of
the brace at the end of Zone 2, whereas the solid line sketch
represents the deformed shape of the brace when the compressive
axial load is dropped to a lower magnitude upon unloading or
reversed to a tensile loading. In Fig. 2共f兲, ⌬2⫽transverse displacement at the vertex of the deformed brace at the end of Zone 2;
⌬c⫽change in the transverse displacement due to unloading or
reversal to tensile loading from an axial load level P2 at the end
of Zone 2 to an axial load level P; and ⌬⫽transverse displacement at the vertex of the deformed brace within Zone 3 at an axial
load level P. From the geometry of the deformed brace shown in
Fig. 2共f兲, ⌬ is expressed as
⌬ = ⌬2 − ⌬c

共12兲

The displacement ⌬2 at the end of Zone 2 is known. If ⌬c
is calculated and substituted in Eq. 共12兲, the ⌬ – P relationship
for Zone 3 can be obtained. ⌬c can be calculated using the unit
dummy load method given in Eq. 共2兲. For this purpose, the
second-order moment, M, due to the change in the axial load
level, P – P2 and the unit dummy load moment, m, given in
Eq. 共4兲 need to be substituted in Eq. 共2兲. Based on the deformed
geometry of the brace given in Fig. 2共f兲 and Eq. 共12兲, the secondorder moment due to the change in the axial load level, P – P2 is
expressed as follows:

冋

M= e+

册

2共⌬2 − ⌬c兲
x 共P − P2兲
L

共13兲

Substituting Eqs. 共4兲 and 共13兲 into Eq. 共2兲, integrating and rearranging the ensuing equation, ⌬c is obtained as
⌬c =

1.5e + ⌬2
12EI
+1
共P − P2兲L2

共14兲

Substituting Eq. 共14兲 into Eq. 共12兲, the ⌬ – P relationship for Zone
3 is obtained as follows:
⌬ = ⌬2 −

1.5e + ⌬2
12EI
+1
共P − P2兲L2

共15兲

Formulation of the ⌬ – P Relationship for Zone 4
In this zone, unlike Zone 3, the behavior of the brace is plastic.
To satisfy static moment equilibrium, the second-order moment
generated by the tensile axial load, P, must be equal to the reduced plastic moment capacity, M pr, at the vertex of the deformed
brace 关Fig. 2共a兲兴 regardless of the deformed shape of the brace.
Thus
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共16兲

Solving for ⌬ from Eq. 共16兲
⌬=

M pr
−e
P

共17兲

Note that if the tensile axial force is equal to the yield axial force,
Py, at the end of Zone 4, the reduced plastic moment capacity,
M pr, of the brace must become zero due to the moment–axial
force interaction relationship shown in Fig. 2共b兲. Thus, the
second-order moment must also be equal to zero to satisfy the
static moment equilibrium presented analytically in Eq. 共16兲 when
P = Py. However, the presence of e in Eq. 共16兲 makes this impossible. For this reason, e must be multiplied by a factor that makes
it gradually approach zero at the yield axial load level of the
brace. Accordingly, Eq. 共17兲 is modified to satisfy static equilibrium at the yield axial load level as follows:
⌬=

冉

Py − P
M pr
−e
P
P y − P3

冊

共18兲

where P3⫽axial tensile load at the end of Zone 3.
Formulation of the ⌬ – P Relationship for Zone 5a
At the end of Zone 4, based on Eq. 共18兲, if P = Py, then ⌬ = 0 共i.e.,
the brace becomes straight兲. At this stage the brace has reached its
axial yield capacity and the brace hysteretic behavior is now described by Zone 5a where ⌬ = 0 and P = Py.
Formulation of the ⌬ – P Relationship for Zone 5
In Zone 5, the brace is unloaded elastically. In the development of
⌬ – P relationship for this zone, it is assumed that the unloading
occurs at the end of Zone 4 where P ⬍ Py. Consequently, the
transverse displacement at the vertex of the deformed brace is not
equal to zero. Obviously, if the unloading occurs within Zone 5a,
then ⌬ = 0 for all the range of axial loads within Zone 5.
At the end of Zone 4, where the brace is subjected to axial
tensile load, the deflection of the brace decreases to such an extent that the elastic deflections due to second-order effects become relatively significant in relation to the plastic deflections
due to the rotation of the plastic hinge at the vertex of the deformed brace. Consequently, within Zone 5 the deformed shape of
the brace becomes the shape shown in Fig. 2共h兲. The deformed
shape of the brace is assumed to consist of a plastic and an elastic
part as shown in Fig. 2共h兲. The plastic part is approximated by
two straight line segments whereas the elastic part is approximated by a sinusoidal shape of the form given in Eq. 共1兲. The
transverse displacements at the vertex of the plastic and elastic
parts are ⌬ p and ⌬e, respectively. From Fig. 2共h兲, the transverse
deflection, ⌬, is expressed as
⌬ = ⌬ p − ⌬e

共19兲

Based on the previous equation, the transverse displacement, ⌬4,
at the vertex of the deflected brace at the end of Zone 4 共or
beginning of Zone 5兲 is expressed as
⌬4 = ⌬ p4 − ⌬e4

共20兲

where, ⌬ p4 and ⌬e4⫽plastic and elastic transverse displacements
at the vertex of the deformed brace at the end of Zone 4, respectively. Note that at the end of Zone 4, ⌬4 is known 关i.e., obtained
from Eq. 共18兲兴. Both ⌬ p4 and ⌬e4 are required for the formulation
of the ⌬ – P relationship for Zone 5.

The elastic transverse displacement, ⌬e4, at the end of Zone 4
where P = P4 can be calculated using the unit dummy load method
presented in Eq. 共2兲. For this purpose, the second-order moment,
M, due to the applied axial load, P4 and the unit dummy load
moment, m, given in Eq. 共4兲 need to be substituted in Eq. 共2兲. In
relation to Fig. 2共h兲, M is expressed as
共21兲

M = M p4 − M e4

where M p4 and M e4⫽second-order moments due to the plastic
and elastic parts of the deformed shape of the brace, respectively.
From Fig. 2共h兲, M p4 and M e4 are first formulated and then substituted in Eq. 共21兲 to obtain M as follows:
M=

冋冉

e+

冉 冊冊册

冊冉

2共⌬e4 + ⌬4兲

x − e + ⌬e4 sin x
L
L

P4

共22兲

Substituting Eqs. 共4兲 and 共22兲 into Eq. 共2兲, integrating and rearranging the ensuing equation, ⌬e4 is obtained as
⌬e4 =

 2L 2 P 4⌬ 4
L2 P4共12 − 2兲 + 122EI

共23兲

Next, substituting Eq. 共23兲 into Eq. 共20兲, ⌬ p4 is obtained as
 2L 2 P 4⌬ 4
L2 P4共12 − 2兲 + 122EI

⌬ p4 = ⌬4 +

共24兲

It is to be noted that within Zone 5, ⌬ p4 has a constant value as
it is a permanent plastic displacement whereas ⌬e4 gradually
decreases as the brace is unloaded and finally becomes zero at
P = 0. This produces a residual plastic transverse displacement,
⌬ p4 at P = 0 as observed from the test results of Black et al.
共1980兲. Consequently, the plastic transverse displacement, ⌬ p4,
at the end of Zone 4 is equal to the residual plastic transverse
displacement within Zone 5 regardless of the axial load level.
That is
⌬ p = ⌬4 +

 2L 2 P 4⌬ 4
L P4共12 − 2兲 + 122EI
2

共25兲

Note that the residual plastic displacement 共kink兲 is partially responsible for the early buckling of the brace. Then, from Eq. 共23兲,
substituting P in place of P4, the elastic part of the transverse
displacement, ⌬e, at any axial load level is obtained as
⌬e =

2L2 P⌬4
L P共12 − 2兲 + 122EI
2

共26兲

Next, substituting Eqs. 共25兲 and 共26兲 into Eq. 共19兲 and rearranging, the ⌬ – P relationship for Zone 5 is obtained as follows:
⌬ = ⌬4 +
−

冋

P4
L2 P4共12 − 2兲 + 122EI

册

P
 2L 2⌬ 4
L P共12 − 2兲 + 122EI
2

共27兲

Note that in Eq. 共27兲 at P = P4, ⌬ = ⌬4 and if ⌬4 = 0 then ⌬ = 0.
Also, as P decreases, the magnitude of ⌬ gradually increases due
to the effect of unloading from a tensile axial load to P = 0.
Formulation of the ⌬ – P Relationship for Zone 6
Within this zone, the axial compressive load is gradually increased from zero to a level where buckling is initiated again.
In this zone, the buckling load capacity is less than the initial
buckling load capacity defined in Zone 1. The degradation of the

buckling load capacity is caused by the Baushinger effect as well
as the residual transverse displacement 共kink兲 of the brace resulting from the plastic hinge rotations during the previous cycles.
The Baushinger effect degrades the initial elastic modulus E, to a
smaller value Et, with increasing the number of cycles. Therefore,
in the derivation of the analytical equations to simulate the axial
force–transverse deformation relationship within this zone, the
effect of the residual transverse displacement at the end of Zone 5
and the Bauschinger effect in terms of a reduced modulus of
elasticity, Et 共an equivalent tangent modulus兲 must be included.
Within this zone, similar to Zone 1, the deformed shape of the
brace is assumed to be sinusoidal of the form given in Eq. 共1兲.
However, the brace is assumed to be initially kinked at the middle
rather than being straight due to the residual transverse displacement, ⌬5 = ⌬ p4 at the end of Zone 5 at P = 0 as shown in Fig. 2共i兲.
Accordingly, with reference to Fig. 2共i兲, the transverse displacement, ⌬, at the vertex of the deformed brace is expressed as
⌬ = ⌬5 + ⌬c

共28兲

where ⌬c⫽change in the transverse displacement of the brace
due to the effect of compressive reloading starting at the end of
Zone 5. The residual transverse displacement, ⌬5 = ⌬ p4, at the end
of Zone 5 is known. If ⌬c is calculated and substituted in Eq. 共28兲,
the ⌬ – P relationship for Zone 6 can be obtained. ⌬c can be
calculated using the unit dummy load method presented in
Eq. 共2兲. For this purpose, the second-order moment, M, due to
the applied axial compressive load, P and the unit dummy load
moment, m, given in Eq. 共4兲 need to be substituted in Eq. 共2兲.
Based on the deformed geometry of the brace given in Fig. 2共i兲,
the second order moment due to the applied axial load is expressed as follows:

冋

冉 冊册

M = P e + 共⌬5 + ⌬c兲sin

x
L

共29兲

Substituting Eqs. 共4兲 and 共29兲 into Eq. 共2兲, integrating and rearranging the ensuing equation, ⌬c is obtained as
8
⌬5
2
⌬c =
12EtI
+1
PL2
1.5e +

共30兲

Substituting Eq. 共30兲 into Eq. 共28兲, the ⌬ – P relationship for
Zone 6 is obtained as follows:
8
⌬5
2
⌬ = ⌬5 +
12EtI
+1
PL2
1.5e +

共31兲

Note that ⌬5 will produce smaller buckling loads due to the
increased second-order effects. Thus, the effect of the residual
kink on buckling load is taken into consideration. This zone ends
when the second-order moment becomes equal to the reduced
plastic moment capacity of the brace as given by Eq. 共9兲. At this
stage, the hysteretic behavior of the brace is again defined by
Zone 2.
Formulation of the ⌬ – P Relationship for Zone 1a
Zone 1a exists only once if the initial loading cycle of the brace
starts in tension rather than compression 共Zone 1兲. In Zone 1a, the
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brace is subjected to tensile loading in the linearly elastic range
and ⌬ = 0 for all the range of applied axial loads.

Kinematical Relationship between the Axial
and Transverse Deformation of the Brace
A brace that is subjected to compressive loading or one that has
already buckled prior to tensile loading deforms transversely as
demonstrated in Fig. 2共j兲. As a result of this transverse deformation or bending effect, the brace becomes shorter in the axial
direction. To relate the axial shortening, ␦b, of the brace due to the
bending effect to its transverse deformation, ⌬, the deformed
shape of the brace is approximated by two straight segments as
illustrated in Fig. 2共j兲. From the geometry of the deformed brace
in Fig. 2共j兲, using the Pythagorean Theorem, the transverse displacement, ⌬, of the brace can be obtained as
⌬=

冑冉 冊 冉
L
2

2

−

L ␦b
−
2 2

冊

2

Within Zones 3 and 4, the axial displacement of the brace results
from the elastic axial displacement of the brace due to the applied
axial force, shortening of the brace due to the bending effect and
the additional axial displacement 共brace growth兲, ␦G, due to
growth effect. Accordingly, adding ␦G to Eq. 共36兲, the total axial
displacement, ␦i, of the brace for Zones 3 and 4 is obtained as
follows:

␦i = ␦i−1 +

PL
− L + 冑L2 − 4⌬2 + ␦G
AE

共37兲

The axial displacement due to the growth effect will be formulated in the subsequent sections. The ⌬ – P relationships obtained
for each one of the hysteresis Zones 3 and 4 need to be substituted
in Eq. 共37兲 to completely define the ␦ – P relationships for these
zones.

共32兲
Zone 5a

From Eq. 共32兲, the axial displacement, ␦b, due to the bending
effect is expressed as
␦b = L − 冑L2 − 4⌬2

Zones 3 and 4

共33兲

For the case where P = Py, 共Zone 5a兲, the brace is fully straight
and hence, ⌬ = ␦b = 0. Thus, the axial displacement within this
zone results from the plastic axial tensile displacement, ␦ p, of the
brace. Thus

If tensile yielding has occurred at the end of Zone 4, the brace
becomes fully straight in Zones 5a and 5, and as a result, ⌬ = 0.
In this case, Eq. 共33兲 automatically yields ␦b = 0. Accordingly,
Eq. 共33兲 is valid for all the hysteresis zones defined earlier.

␦i = ␦i−1 + ␦ p

共38兲

Zone 1a

Axial Force versus Axial Displacement Relationship
of the Brace
In the following, analytical equations are derived to define the
axial force versus axial displacement of steel braces for each one
of the hysteresis zones defined earlier.
Zones 1, 2, 5, and 6

Zone 1a is considered only once throughout the brace’s axial
force–displacement hysteresis if the initial loading cycle starts in
tension. In this zone, the brace is subjected to tensile loading in
the linearly elastic range. The total axial displacement, ␦i, of the
brace is expressed as

␦i =

For Zones 1, 2, 5, and 6, the total axial displacement, ␦i, of the
brace 共within Zone i兲 is expressed as
␦i = ␦i−1 + ␦a − ␦b

共34兲

where ␦i−1⫽axial displacement at the end of the previous zone
and ␦a⫽elastic axial displacement. Note that in Eq. 共34兲, ␦b is
presented as a negative value, as from the deformed geometry of
the brace, shown in Fig. 2共j兲, under compressive or tensile axial
load, the axial displacement due to the bending effect is always
negative. The elastic axial displacement is expressed as
␦a =

PL
AE

共35兲

where A⫽cross-sectional area of the brace. Next, substituting
Eqs. 共33兲 and 共35兲 into Eq. 共34兲, the total axial displacement, ␦i,
of the brace for Zones 1, 2, 5, and 6 is obtained as follows:
␦i = ␦i−1 +

PL
− L + 冑L2 − 4⌬2
AE

共36兲

The ⌬ – P relationships obtained for each one of the hysteresis
zones 共1, 2, 5, and 6兲 need to be substituted in Eq. 共36兲 to completely define the ␦ – P relationships for these zones.
1222 / JOURNAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2008

PL
AE

共39兲

Test Data Used to Formulate Growth
and Bauschinger Effects
The test data of Black et al. 共1980兲 is used in this study to obtain
semiempirical relationships for the simulation of growth and
Baushinger effects. Black et al. 共1980兲 conducted cyclic axial
reversed loading experiments on 24 structural steel braces with a
wide range of cross-section geometries. Included within the 24
selected specimens were six different cross-sectional shapes; wide
flanges, thin- and thick-walled square tubes, thin- and thickwalled round pipes, structural tees, and fabricated double angles,
and double channels. The material for all the rolled sections,
pipes, and square tubes conformed to ASTM A36, A53 Grade B,
and A501 steel, respectively. In the tests, two boundaries on the
possible end conditions were considered: 共1兲 18 of the specimens
were pinned at both ends and had slenderness ratios of 40, 80, and
120; and 共2兲 the remaining 6 specimens were pinned at one end
and fixed at the other and had slenderness ratios of 40 and 80.
Details of some of the specimens used for the formulations of
growth and Baushinger effects are given in Table 1.

Table 1. Properties of Steel Braces from the Tests of Black et al. 共1980兲
Brace
1
2
3
4
5
6
7
8
10
11
12
13
14
15
16
17
18

Section
W 8 ⫻ 20
W 6 ⫻ 25
W 6 ⫻ 20
W 6 ⫻ 20
W 6 ⫻ 20
W 6 ⫻ 16
W 6 ⫻ 15.5
1

3

1

3

2L 6 ⫻ 3 2 ⫻ 8
2L 4 ⫻ 3 2 ⫻ 8
2C 8 ⫻ 11.5
WT 5 ⫻ 22.5
WT 8 ⫻ 22.5
Pipe 4 ⫻ 0.237
Pipe 4 ⫻ 0.237
Pipe 4 ⫻ 0.357
TS 4 ⫻ 4 ⫻ 0.25
TS 4 ⫻ 4 ⫻ 0.5

y
共MPa兲

Pb
共kN兲

L
共mm兲

KL / r

278
291
277
277
277
308
345
281

423
1,170
899
894
676
498
894
877

3,810
1,550
3,070
3,070
3,070
2,950
1,480
2,830

120
40
80
80
80
120
40
80

287

432

3,810

120

245
272
288
327
327
165
407
565

467
828
872
507
489
387
547
1,210

3,000
2,540
3,190
3,070
3,070
3,010
3,050
2,760

120
80
80
80
80
80
80
80

Formulation of Growth Effect
Earlier research studies have revealed that 共e.g., Jin and El-Tawil
2003兲 brace growth is directly related to the accumulated plastic
strain energy, which depends on the cumulative axial plastic displacement in compression and tension. As the plastic axial displacement in compression is kinematically related to the plastic
transverse displacement of the brace, the brace growth is assumed
to be a function of the cumulative transverse plastic displacement
in compression plus the cumulative axial plastic displacement in
tension. Methods based on the cumulative plastic strain energy
necessitate extra computational steps to include the growth effect
in the hysteretic behavior of the braces. Consequently, in this
study, the brace growth is defined as a function of the already
known plastic transverse and axial displacements of the brace to
facilitate its incorporation in the hysteretic behavior of the braces
and to formulate it as a function of the properties of the brace so
that it can be adjusted for braces with different properties.
To include the growth effect in the analytical formulations of
Zones 3 and 4, the normalized brace growth, ␦Gn, versus normalized cumulative plastic displacement, Dc, relationships are calculated using the experimental results of the braces tested by Black
et al. 共1980兲. The normalizations are performed to obtain a more
broadly applicable relationship between the brace growth and cumulative plastic displacements that is a function of the brace
properties.
For this purpose, first, brace growth, ␦G, is defined as the difference between the axial displacement, ␦i, at cycle i and the axial
displacement ␦i−1, at cycle i − 1 excluding any plastic displacement, ␦ P. The normalized brace growth, ␦Gn, is then defined as
␦Gn =

␦G ␦i − ␦i−1
=
␦e
␦e

共40兲

where ␦e⫽elastic axial displacement calculated using an axial
load range measured from the level of axial load at the end of
Zone 2 共P2兲, to the level of axial load, P, where the growth is
measured 共usually at the end of Zone 4 where P = P4兲. Thus

␦e =

共P − P2兲L
AE

共41兲

The normalization of the growth effect using such an axial
load range is performed as the brace growth influences the hysteretic curve between the end of Zones 2 and 4 as observed from
Fig. 1共b兲.
The normalized cumulative plastic displacement, Dc, is defined as the cumulative plastic transverse deformation 共⌬2 − ⌬b兲
at the end of the compression cycle 共Zone 2兲 normalized with
respect to the transverse displacement, ⌬b, of the brace at the
initial buckling cycle plus the cumulative plastic deformation, ␦ p,
in tension normalized with respect to yield axial displacement,
␦y = PyL / AE. Thus
n

Dc =

兺i

冉

⌬2 − ⌬b ␦ p
+
⌬b
␦y

冊

共42兲

where n⫽number of cumulative cycles up to the point where
brace growth is calculated. Note that ⌬b, which is given in Eq. 共5兲
and ␦y are functions of all the properties of the brace, that is, E, I,
A, L, Py, and Pb. The relationships between ␦Gn and Dc for brace
slenderness ratios of KL / r = 40, 80, and 120 are obtained using
the test data of Black et al. 共1980兲. The ␦Gn – Dc relationship for
braces with KL / r = 80 is plotted in Fig. 3共a兲. The ␦Gn – Dc relationships for other slenderness ratios are similar. Next, a nonlinear
logarithmic regression analysis procedure is employed to obtain
an analytical relationship between ␦Gand Dc. The obtained analytical relationships for KL / r = 40, 80, and 120 are given in the
following equations, respectively:
␦Gn = 0.65D0.04
c

共43a兲

␦Gn = 0.08D0.57
c

共43b兲

␦Gn = 0.1D0.35
c

共43c兲

关Eq. 共43b兲, is plotted in Fig. 3共a兲 using a thick solid line兴. To
obtain a universal relationship between ␦Gn and Dc that is applicable to any slenderness ratio different than 40, 80, and 120,
an analytical relationship between ␦Gn, Dc, and KL / r must be
formulated. This could be achieved by conducting twodimensional regression analyses of the available data. However,
to decide on the type of curve fitting technique, first, the relationship between the growth factor and the slenderness ratio at different Dc values are plotted in Fig. 3共b兲 for Dc = 10 and 100,
respectively. It is observed that the relationship between ␦Gn, and
KL / r at different Dc values are polynomial but not similar. Thus,
an adaptive polynomial curve fitting technique is used to formulate ␦Gn, as a function of Dc and KL / r. For this purpose, ␦Gn, as a
function of KL / r, is assumed to have the following analytical
form:
␦Gn = a + b

冉 冊 冉 冊
Kl
Kl
+c
r
r

2

共44兲

where a, b, and c⫽coefficients defining the equation. From
Eq. 共44兲 and Eq. 共43兲, ␦Gn at KL / r = 40, 80, and 120 is expressed
in a matrix form as follows:
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tios and properties. Further, as ␦G is a function of Dc and Dc is a
function of all the brace properties, Eq. 共47兲 is automatically adjusted for various brace types.

Formulation of Tangent Modulus
due to the Bauschinger Effect

Fig. 3. 共a兲 Normalized brace growth versus normalized cumulative
displacement; 共b兲 variation of normalized brace growth as a function
of brace slenderness for Dc = 10 and 100; 共c兲 comparison of analytical
and experimental brace growth for Braces 1 and 3; 共d兲 comparison
of analytical and experimental brace growth for Braces 7 and 13;
共e兲 normalized tangent modulus versus normalized cumulative
displacement; and 共f兲 ratio of experimental to analytical buckling
loads as a function of loading cycle number

冢

1 40 1,600
1 80 6,400
1 120 14,400

冣冢 冣 冢

0.65D0.04
a
c
b = 0.08D0.57
c
c
0.1D0.35
c

冣

共45兲

From Eq. 共45兲, the coefficients, a, b, and c are calculated as
follows:
− 0.24D0.57
+ 0.1D0.35
a = 1.95D0.04
c
c
c

共46a兲

−3
− 40.625D0.04
− 3.75D0.35
b = 共8D0.04
c
c
c 兲 ⫻ 10

共46b兲

The Bauschinger effect produces a degradation of the modulus of
elasticity within the positive strain-negative stress and the negative strain-positive stress regions of the stress strain relationship
of steel proportional to the cumulative plastic strain 共Black et al.
1980兲. As the buckling load of a brace is a function of the tangent
modulus of elasticity of steel; smaller buckling loads are generally obtained at subsequent cycles of the compression loading
of the brace. This effect needs to be included in the analytical
equations derived for Zone 6 in the form of an equivalent tangent
modulus, Et. For this purpose, as in the case of the formulation
of brace growth, it is assumed that Et is a function of Dc. Accordingly, from the experimental P – ␦ hysteresis curves of the
braces tested by Black et al. 共1980兲, first, experimental buckling
loads, Pb, at subsequent loading cycles following the first cycle
are obtained. It is noteworthy that the cycles that include the
residual transverse displacement effect are excluded from the data
used for obtaining Et as a function of Dc as the reduction in the
buckling capacity of a brace is also a function of the residual
transverse displacement of the brace. Then, these buckling loads
are substituted in Eq. 共6兲 to calculate the transverse displacements, ⌬b at buckling. The calculated ⌬b is found to be nearly
identical to the experimental ones. Next, setting the residual transverse displacement, ⌬5 = 0, Eq. 共31兲 is rearranged to obtain Et as
follows:
Et = −

Note that the coefficients a, b, and c are functions of Dc. Thus,
Eq. 共44兲 gives an exact match to Eqs. 共43兲 at slenderness ratios of
40, 80, and 120, respectively. From Eqs. 共40兲, 共41兲, and 共44兲 the
brace growth, ␦G, for Zones 3 and 4 is expressed as

冋 冉 冊 冉 冊册

␦G = a + b

Kl
Kl
+c
r
r

共P − P2兲L
AE

共47兲

The experimental and calculated brace growths using Eq. 共47兲
are compared in Figs. 3共c and d兲 for Brace 1 共KL / r = 120兲,
Brace 3 共KL / r = 80兲, Brace 7 共KL / r = 40兲, and Brace 13 共KL / r
= 80兲 of Black et al. 共1980兲. It is observed that the brace growth is
simulated reasonably well for braces with various slenderness ra1224 / JOURNAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2008

冊

共48兲

Following this, the buckling load Pb obtained from the experimental data of Black et al. 共1980兲, ⌬b, as well as e, I, and L of the
brace are substituted in Eq. 共48兲 to calculate Et for each loading
cycle of the axial force–displacement hysteresis of the brace.
Next, the ratio Et / E of the tangent modulus to the elastic modulus
is calculated and plotted as a function of Dc, for KL / r = 40, 80,
and 120. The Et / E versus Dc relationship for braces with KL / r
= 80 is plotted in Fig. 3共e兲. The Et / E versus Dc relationships for
other slenderness ratios are similar. Next, a nonlinear logarithmic
regression analysis procedure is employed to obtain an analytical
relationship between Et / E and Dc. The obtained analytical relationships for KL / r = 40, 80, and 120 are given in the following
equations, respectively:

−6
c = 共31.25 ⫻ D0.35
− 50D0.57
+ 203.125D0.04
共46c兲
c
c
c 兲 ⫻ 10

2

冉

P bL 2 e
+ −2
I
8⌬b

Et/E = 0.37D−0.12
c

共49a兲

Et/E = 0.65D−0.18
c

共49b兲

Et/E = 1.1D−0.26
c

共49c兲

关Eq. 共49b兲 is plotted in Fig. 3共e兲 using a thick solid line兴. Next,
using a procedure similar to that used for the formulation of brace
growth, Et is expressed as a function of Dc and KL / r as follows:

冋 冉 冊 冉 冊册

Et = d + f
where

Kl
Kl
+g
r
r

2

E

共50兲

Fig. 4. Comparison of analytical and experimental axial force versus axial displacement and axial force versus transverse displacement hysteresis
from the tests of Black et al. 共1980兲 for W-section braces with various slenderness ratios 共reprinted with permission兲: 共a兲 Brace 1, KL / r = 120; 共b兲
Brace 3, KL / r = 80; 共c兲 Brace 7, KL / r = 40; and 共d兲 Brace 5, KL / r = 80

d = 1.11D−0.12
− 1.95D−0.18
+ 1.1D−0.26
c
c
c

共51兲

Verification of the Hysteresis Model

− 23.125D−0.18
− 41.25D−0.26
f = 共65D−0.12
兲 ⫻ 10−3
c
c
c

共52兲

Selection of the Braces for Verification Purposes

− 406.25D−0.18
+ 115.625D−0.26
g = 共343.75D−0.12
兲 ⫻ 10−6
c
c
c
共53兲
Subsequently, substituting Eq. 共50兲 into Eq. 共48兲 and solving for
Pb, the analytical buckling load is obtained as follows:

冉 冉 冊 冉 冊冊
冉 冊
Kl
Kl
+g
r
r
2
L
e
+ −2
I 8⌬b

d+f

Pb = −

2

E
共54兲

The ratio of the experimental to analytical buckling loads calculated using Eq. 共54兲 is plotted as a function of the loading cycle
number in Fig. 3共f兲 for various braces taken from the tests of
Black et al. 共1980兲. It is observed that most of the data has a small
dispersion around 1.0. This indicates a reasonably good agreement between the analytical and experimental buckling loads at
various numbers of loading cycles.

Eight braces from the specimens of Black et al. 共1980兲 共Braces 1,
3, 4, 5, 7, 11, 13, and 15兲 and two braces from the small-scale
specimens of Goggins et al. 共2006兲 共Two 1,100 and 3,300 mm
long braces with box section dimensions of 20⫻ 20⫻ 2 mm and
40⫻ 40⫻ 2.5 mm, respectively兲 were selected to verify the developed analytical model. As the effective slenderness ratio has been
shown to be one of the most important parameters affecting the
hysteretic behavior of braces 共Black et al. 1980兲, the ten braces
were selected to have different slenderness ratios of 40, 75, 80,
108, and 120. Included within the ten selected braces were five
different cross-sectional shapes: W, WT, pipe, box, and double
channel. On the basis of its common use in steel braced frame
construction, the W section was chosen as a basic shape for the
comparison of the analytical results with the experimental ones
for different slenderness ratios of 40, 80, and 120. Therefore, five
out of the ten specimens are chosen to have W sections 关Braces 1,
3, 4, 5, and 7 of Black et al. 共1980兲兴. The two small-scale box
sections of Goggins et al. 共2006兲 have slenderness ratios of
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Fig. 5. Comparison of analytical and experimental axial force versus axial displacement hysteresis loops and envelopes of braces with various
section shapes 共reprinted with permission兲: 共a兲 Brace 11, 2C 8 ⫻ 11.5 section of Black et al. 共1980兲; 共b兲 Brace 15, pipe 4 ⫻ 0.237 section of
Black et al. 共1980兲; 共c兲 box 20⫻ 20⫻ 2 section of Goggins et al. 共2006兲; 共d兲 box 40⫻ 40⫻ 2.5 section of Goggins et al. 共2006兲; 共e兲 Brace 4,
W 6 ⫻ 20 of Black et al. 共1980兲; and 共f兲 Brace 13, WT 8 ⫻ 222.5 of Black et al. 共1980兲. 关Material from Black et al. 共1980兲, reprinted with
permission of Earthquake Engineering Research Center. Material from Goggins et al. 共2006兲, reprinted from Journal of Constructional Steel
Research, 16, by J. M. Goggins, B. M. Broderick, A. Y. Elghazouli, and A. S. Lucas, “Behavior of tubular steel members under axial loading,”
pp. 121–131. Copyright 2006, with permission from Elsevier.兴

75 and 108 and fixed end conditions. The analytical hysteresis
loops of these specimens were obtained using an effective length
of 0.5L due to their fixed end conditions. These specimens were
used to demonstrate that the proposed model works for specimens
different than those of Black et al. 共1980兲 and for end conditions
different than pinned.
Comparison of Hysteresis Loops
In the following the analytical axial force–axial displacement and
axial force–transverse displacement hysteresis of the braces are
compared with their experimental counterparts. The results are
presented in Figs. 4 and 5.
Fig. 4共a兲 displays the analytical and experimental hysteresis
loops of Brace 1 of Black et al. 共1980兲. The brace is made of a
W 8 ⫻ 20 section and has a slenderness ratio of 120. As observed
from the plots of Fig. 4共a兲, the analytical hysteresis loops
compare reasonably well with their experimental counterparts.
Fig. 4共b兲 displays the analytical and experimental hysteresis loops
of Brace 3. This brace is made of a W 6 ⫻ 20 section and has a
slenderness ratio of 80. As observed from the figure, the analytical hysteresis loops closely match their experimental counterparts. Fig. 4共c兲 displays the analytical and experimental hysteresis
1226 / JOURNAL OF STRUCTURAL ENGINEERING © ASCE / JULY 2008

loops of Brace 7. This brace is made of a W 6 ⫻ 15.5 section
and has a slenderness ratio of 40. As observed from the plots of
Fig. 4共c兲, the analytical hysteresis loops compare reasonably well
with their experimental counterparts. Based on the abovementioned observations, it may be concluded that the proposed
hysteresis model works reasonably well for a wide range of slenderness ratios.
Fig. 4共d兲 displays the analytical and experimental hysteresis
loops of Brace 5, which is also made of a W 6 ⫻ 20 section and
has a slenderness ratio of 80. However, in the case of this brace,
the first displacement cycle is applied in tension causing axial
yielding of the specimen. Due to the Bauschinger effect, the buckling load in the first compression cycle following this tensile loading cycle is smaller than that of Brace 3, which is identical to this
brace 共W 6 ⫻ 20 and KL / r = 80兲. Comparison of the analytical
hysteresis loops with the experimental ones reveals that the reduction in the buckling load capacity, due to the initial tensile
loading cycle 共the Bauschinger effect兲, as well as other parts of
the hysteresis loops, is analytically simulated reasonably well.
Figs. 5共a and b兲 display the analytical and experimental hysteresis loops of Braces 11 and 15 of Black et al. 共1980兲. Brace 11
is made of a double C 8 ⫻ 11.5 built-up section and has a slen-

derness ratio of 120 and Brace 15 is made of a pipe section,
O 4 ⫻ 0.257 and has a slenderness ratio of 80. As observed from
the plots of Figs. 5共a and b兲, the analytical model proposed in this
study simulates the cyclic inelastic behavior of the built-up and
tubular braces reasonably well.
Figs. 5共c and d兲 display the analytical and experimental
hysteresis loops of the small-scale fixed ended tubular specimens
of Goggins et al. 共2006兲, which have slenderness ratios of 75
and 108, respectively. As observed from the hysteresis loops of
Fig. 5共c兲, although most of the tensile displacement cycles at the
end of Zone 4 reach the yield point in tension, a few of these
tensile cycles are stopped before the tensile axial yielding of the
brace takes place. This results in a residual transverse displacement 共residual kink兲 within the brace upon the removal of the
load 共i.e., at P = 0 at the end of Zone 5兲. This residual kink further
reduces the buckling capacity of the brace in the subsequent cycle
as observed from the experimental hysteresis loop presented in
Fig. 5共c兲. The analytical plot presented in Fig. 5共c兲 reveals that the
proposed analytical model is capable of successfully simulating
the reduction of the buckling load capacity of the brace due to the
effect of the residual kink. Further, the analytical and experimental hysteresis loops compare reasonably well in spite of the much
smaller scale of the specimens of Goggins et al. 共2006兲. Consequently, it may be concluded that the proposed model seems to
work for braces different than those of Black et al. 共1980兲 and for
end conditions different than pinned using an effective brace
length concept.
Figs. 5共e and f兲 compare the analytical and experimental P – ␦
and P – ⌬ hysteresis envelopes of Braces 4 and 13 of Black et al.
共1980兲. Brace 4 is made of a W 6 ⫻ 20 section and has a slenderness ratio of 80 and Brace 13 is made of a WT 8 ⫻ 22.5
and has a slenderness ratio of 80. As observed from the plots of
Figs. 5共e and f兲, the analytical model proposed in this study simulates the hysteresis envelopes of W and WT sections reasonably
well.

Conclusions
In this study a simple, yet an efficient physical theory model that
can be used to simulate the complex cyclic inelastic behavior of
steel braces is presented. The developed model incorporates simplified theoretical formulations of the inelastic behavior of steel
braces. In the model, some semiempirical techniques were used to
account for brace growth and degradation of buckling capacity
due to the Baushinger effect. The analytical model developed in
this study is verified by comparing the analytically obtained hysteresis loops with their experimental counterparts. Followings are
the conclusions derived from this study:
• The analytically obtained axial force–axial displacement as
well as axial force–transverse displacement hysteresis loops
compare reasonably well with the experimental ones regardless of the slenderness ratio, section shape, and the end conditions of the brace.
• The model successfully accounts for brace growth and degradation of buckling capacity due to the Baushinger effect and
residual kink present within the brace.
• Further, different than many existing analytical models, the
semiempirical analytical equations developed to simulate the
growth and Bauschinger effects are more easily and broadly
applicable to steel braces with various section types and slenderness ratios. This is achieved by correlating the experimental
results to the geometric and material properties of the brace.

• The developed analytical model is easier to use in practice
than many existing models available in the literature as analytical equations defining the hysteretic behavior of the brace
are explicit functions of the geometric and material properties
of the brace.
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